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Several authors [1,9] have investigated the problem of determining which groups can 
arise as automorphism groups of planar maps. The methods mostly used are topological 
in nature and rest upon a theorem of Kerekjarto [8] and one of Eilenberg [4] which 
states that a periodic homeomorphism of the sphere has exactly two fixed points. Taking 
any map embedded in the sphere, one can extend any automorphism of it in order to 
obtain a homeomorphism of the sphere. An application of the above result yields 
Any sense preserving automorphism of a planar map fixes exactly two cells (a cell is either 
a vertex or an edge or a face) . 
Many combinatorialists have remarked that a map can be defined in combinatorial 
terms as a pair of permutations satisfying algebraic conditions. It is thus natural to ask 
for a combinatorial proof of the above result. M. Fontet, in his thesis [5,6], provided 
such a proof using a decomposition of a planar map into its 3-connected components. 
He also used this result in order to construct an efficient algorithm which tests the 
isomorphism of two planar graphs. 
Our purpose here is to establish the same result for planar hypermaps. We introduce 
the concept of a "quotient hypermap" that allows a very direct proof. A few definitions 
are recalled; in particular that of the (combinatorial) genus of a hypermap. The fact that 
the genus is a positive integer [7] is our main tool. Of course, as a map is a special case 
of a hypermap, our proof is also valid for planar maps. 
DEFINITION 1 [2,10]. A hypermap is a pair of permutations (0", a) acting on a finite 
set B such that the group (0", a) generated by them is transitive on B. 
If all the cycles of a are of length 2, then (0", a) is a map. The orbits of 0", a, and a -10" are 
called vertices, edges and faces respectively. These are the cells of the hypermap. 
In a topological context, one can define a hypermap on an orientable surface I as a 
decomposition of I into three subsets S, A and F such that: 
(i) A and S are union of disjoint closed disks, 
(ii) a disk of A and a disk of S intersect in at most a finite number of points 
(iii) F is a finite union of simply connected domains disjoint from S and A whose 
boundaries are contained in those of the disks of Sand A. 
Figure 1 represents such a hypermap. 
With a topological hypermap one can associate a combinatorial one in the following 
way. 
Take for B the intersection points of Sand A. Going around each disk Si of S in the 
positive sense and around each disk aj of A in the negative sense the points thus met 
give rise to a cyclic permutation O"i (respectively aj). ,The permutations 0" and a are then 
obtained as products of these cycles; the group (0", a) acts transitively on B since the 
domains of F are simply connected. The map is thus the representation of a connected 
graph. The cycles of a -10" correspond bijectively to the domains of F. 
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B =[12] 
u = (1) (2, 4, 5) (3, 6, 7) (8) (9, 11, 10) (12) 
a = (1,3,2) (4, 9, 8) (5, 6, 10) (7, 12, 11) 
a -lu(1, 2, 8, 9,12,7) (3, 5) (4, 10) (6, 11) 
11'= (1,8,12) (2, 9, 7) (3,4,11) (5, 10,6) 
BI B2 B3 B4 
U = (B 1) (B2, B 3, B 4) 
eX = (Bb B 3, B 2) (B4) 
FIGURE 1 
When (0', a) is a map (that is all the cycles of a are of length 2) the usual concept of a map 
is obtained from the above definition of hypermap by contracting the disks of S to points 
and those of A to arcs. 
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DEFINITION 2. The genus of hypermap (0', a) on a set B is 
g(u, a) = 1 +![iBi- z(u) -z(a)- z(a -10')], 
where for a permutation (3, z({3) denotes the number of orbits of (3. 
For a proof that the genus is a non negative integer see [3, 7]. When g(u, a) = 0 the 
hypermap is said to be planar. 
3. AUTOMORPHISMS 
A hypermap being defined as a pair (0', a) of permutations acting on a set B, the 
symmetric group Sym (B) acts by conjugation on the set of hypermaps. An automorphism 
of a hypermap is then a permutation ({) of Sym (B) such that 
-1 d -1 ({)u({) =0' an ({)a({) =a. 
As (0', a) is transitive, for any b1 and b2 in B there exists a word I on 0', a such that 
b1 = Ib2; ({) commuting with 0' and a it also commutes with I and ({)kb 1 = l({)kb2. We thus 
obtain the equivalence of ({)kb 1 = b1 and ({)kb2 = b2 , and the cycles of ({) have the same 
number of elements. ({) is thus a regular permutation [11]. Moreover, ({) induces a 
permutation on the cycles of 0', of a and of a -10' and thus on the set C of cells of the 
hypermap (0', a). 
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Let us now consider the equivalence cP on B defined by the orbits of cpo Clearly u and 
a act on the set of orbits of cp (as b l = cp kb2 imply ub l == cp kub2 and ab l = cp kab2). Let us 
denote by u and a the permutations acting on B/cP, a set of n/m elements; The group 
(u, a) is transitive as (u, a) is, and we call (u, a) the quotient hypermap of (u, a) with 
respect to cpo 
4. THE MAIN THEOREM 
THEOREM. Let (u, a) be a planar hypermap, cp a non-trivial automorphism. Then cp 
acting on the set of cells has exactly two fixed points. 
PROOF. Denote by (u, a) the quotient hypermap of (u, a) with respect to cpo Let Vb 
elo !t be the number of vertices, edges and faces fixed by cp, and let m be the order of 
cpo We have z(u) = Vl + V2; z(a) = el + e2 and z(a -lU) = fl + h Clearly z(u) = Vl + v~ and 
v~ ~ V2/ m as the orbits of cp on the set of cells have at most m elements. Thus 
z(u) ~ (z(u)/m) + (1- (l/m»vl and a similar relation holds for a and a-lu. Calculating 
the genus g(u, a), we obtain 
g(u,a)~1+~[~ -( 1-~) (Vl+el+!t)-~ (z(u)+z(a)+z(a-lu»]. 
From the planarity of (u, a), 
Thus 
which gives 
z(u) + z(a)+ z(a -lU) = n +2. 
Vl +el +!t ~2- 2m
1 
g(u, a). 
m-
g(u, a) and Ul + el + fl being both non-negative integers, the number of cells fixed by 
any automorphism of planar hypermap is at most 2 and the genus g(u, a) is zero. 
Note that cp acting on the set of cells can only have orbits of length 1, 2 or m, since 
if cp had an orbit of length k (2 < k) then cp k would be an automorphism of (u, a) with 
k fixed points so that k = m. For the same reason if m ;c 2, cp cannot have more than 
one orbit of length 2 and if it has one it fixes no cell. In the latter case the genus g(u, a) 
is given by 
0= g(u, a) = 1 +~ [~ -1- z(u) + z(a): z(a -lU)-2], 
which contradicts g(u, a) = O. The above remarks imply that all the orbits of cp have 
length 1 or m. Then the calculation of the genus of g(u, a) given above holds taking 
equalities instead of inequalities, i.e. 
O=g(u,a)=1+~[ - ~ -(1- ~) (Vl+el+!t)]. 
The result follows. 
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